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The ﬁrst-order shear deformation theory and the layerwise theory of laminated plates are employed to analyze the edge-
eﬀect problem of an antisymmetric angle-ply laminate subjected to arbitrary combinations of extensional and torsional
loads. The ﬁrst-order theory is used for predicting the unknown constant parameters appearing in the reduced displace-
ment ﬁeld of elasticity which, on the other hand, signify the global behavior of the laminate. A layerwise theory is then
utilized to determine the local interlaminar stresses within the boundary-layer regions of laminates. In order to closely
examine the behavioral characteristics of interlaminar stresses, various numerical examples are presented for diﬀerent anti-
symmetric angle-ply laminates under an axial force and a torque.
 2006 Elsevier Ltd. All rights reserved.
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The applications of composite materials in structural members have extensively been grown in the recent
decades. The edge-eﬀect problem is a signiﬁcant and fundamental issue concerned within the analysis of
mechanical behavior characteristics of composite structures. It has already been recognized that the interlam-
inar edge stresses are one of the most important causes of the failure in composite laminates. Both experimental
observations and approximate theoretical solutions have revealed existence of the boundary-layer regions in the
vicinity of the edges where interlaminar stresses exhibit very large gradients. Numerous investigators have pro-
posed various analytical and numerical methods to examine the transverse stress behavior near the edges of the
laminate. A detailed description of the relevant literature can be found in the review article by Kant and Swami-
nathan (2000). The ﬁrst complete analysis of interlaminar stresses is developed by Pipes and Pagano (1970).
They formulated the edge-eﬀect problem of a symmetric balanced laminate subjected to a uniform axial strain0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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tions of equilibrium. Rybicki (1971) proposed a three-dimensional ﬁnite element solution for the same problem.
Based on the elasticity formulation presented by Pipes and Pagano (1970) and Pagano (1974) employed a
higher-order displacement theory for estimation of transverse normal stress in axially loaded symmetric bal-
anced laminates. An approximate elasticity solution is developed by Pipes and Pagano (1974) to study the nat-
ure of interlaminar stresses in symmetric angle-ply composite laminates due to a uniform axial strain. Hsu and
Herakovich (1977a,b) obtained a zeroth-order perturbation solution for edge-eﬀect problem of symmetric
angle-ply laminates. An improved quasi-three-dimensional ﬁnite element method is proposed by Wang and
Crossman (1977a,b) in order to determine the interlaminar stresses in symmetric balanced laminates under a
uniform axial extension. Later, they used a similar approach to investigate through-the-thickness stresses
due to thermal eﬀects (1977). Spilker and Chou (1980) studied the edge-eﬀect problem of symmetric balanced
laminates by using a special hybrid-stress ﬁnite element method. A three-dimensional ﬁnite diﬀerence scheme is
presented by Altus et al. (1980) for calculating interlaminar stresses in symmetric angle-ply laminates. Wang
and Choi (1982a,b) employed an approach based on Lekhnitskii’s complex variable potential to examine the
free-edge stress singularities. In an attempt to eﬃcient analysis of edge-eﬀect problem of symmetric laminates,
Kassapoglou and Lagace (1986) obtained a closed-form solution utilizing the force balanced method and the
principle of minimum complementary energy. A similar technique to that of Kassapoglou and Lagace (1986) is
presented byWebber andMorton (1993) to evaluate thermally induced interlaminar stresses. Based on the ﬁrst-
order shear deformation theory (FSDT) Rohwer et al. (2001) developed a method to compute interlaminar
stresses in composite laminates subjected to thermal loading. Tahani and Nosier (2003, 2004) employed a lay-
erwise theory (LWT) for accurate calculation of interlaminar stresses in a general cross-ply laminate subjected
to extension, shearing, and hygrothermal loads. A comparative study between equivalent single-layer and lay-
erwise theories for determination of transverse stress components under thermal loads is performed by Matsu-
naga (2004). Tian et al. (2004) attempted to present an eﬃcient analysis for estimating interlaminar stresses in
symmetric balanced laminates by means of a new three-dimensional hybrid-stress element. Recently, Nosier
and Bahrami, in press, have developed an elasticity formulation for the edge-eﬀect problem of an antisymmetric
angle-ply laminate. Based on this formulation they used a layerwise theory (LWT) to investigate the interlam-
inar stress distributions in antisymmetric angle-ply laminates subjected to a constant axial strain.
From the literature survey it appears that very limited publications have been devoted to study the inter-
laminar stresses due to torsional loads (Whitney, 1994; Mitchel and Reddy, 2001). Furthermore, no paper has
been published concerning the edge-eﬀect problem in antisymmetric angle-ply laminates subjected to torsional
loading. In the present paper, an eﬃcient procedure for evaluating interlaminar stress components in antisym-
metric angle-ply laminates under diﬀerent types of extensional and torsional loads is presented. The main idea
of the present method lies in the fact that in extension/torsion problem of an antisymmetric angle-ply laminate
(Nosier and Bahrami, in press), each of the displacement components consists of two parts: a global part and a
local part (also see Eq. (1) in the present paper). The unknown constants appearing in the global part of the
displacement ﬁeld may be determined accurately from an analysis based on FSDT. The unknown functions
appearing in the local part, on the other hand, are determined from an analysis based on a layerwise theory
in which full account is given to various three-dimensional and local eﬀects.
2. Theoretical formulation
An antisymmetric angle-ply laminate (see e.g., Jones, 1998) subjected to a torque Tx and/or an axial force
Fx at x = a and x = a is considered here as shown in Fig. 1. The laminate is assumed to be long in the
x-direction so that strains will be independent of x coordinate. In such a case, the most general form of the
displacement ﬁeld for the extension/torsion problem of antisymmetric angle-ply laminates is given by (see
Nosier and Bahrami, in press)uðkÞ1 ðx; y; zÞ ¼ B2xþ uðkÞðy; zÞ
uðkÞ2 ðx; y; zÞ ¼ B1xzþ vðkÞðy; zÞ
uðkÞ3 ðx; y; zÞ ¼ B1xy þ wðkÞðy; zÞ
ð1Þ
Fig. 1. Laminate geometry and coordinate system.
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located at (x,y,z) in the kth lamina in the x-, y-, and z-directions, respectively, in the undeformed laminate. In
Eq. (1) the unknown constants B1 and B2 and unknown functions u
(k)(y,z), v(k)(y,z), and w(k)(y,z) correspond
to global and local responses of the laminate, respectively (also see Nosier and Bahrami, in press). Therefore,
FSDT is used here for determining B1 and B2. It is to be noted here that as it is shown by Nosier and Bahrami,
in press, the constant B2 represents the uniform axial strain in the x-direction. Also the quantity aB1 is the
angle of rotation of line AB about the x axis with 2a being the length of the laminate in the x-direction
(see Fig. 1). In other words, within any theory if the quantities B2 and B1 are not speciﬁed to be known, then
the axial force Fx and the torque Tx must be known. In contrast to the overall behavior of the laminate, anal-
ysis of the local responses such as stress ﬁeld at the ply level may require the use of more complete theories.
Thus, in the present study, a layerwise theory which possesses a full three-dimensional capability is employed
to determine interlaminar stresses.
2.1. First-order shear deformation plate theory
In the ﬁrst-order shear deformation plate theory (also known as Mindlin–Reissner plate theory) the dis-
placement components are assumed to have the following form (see e.g., Reddy, 2003):u1ðx; y; zÞ ¼ uðx; yÞ þ zwxðx; yÞ
u2ðx; y; zÞ ¼ vðx; yÞ þ zwyðx; yÞ
u3ðx; y; zÞ ¼ wðx; yÞ
ð2Þwhere u, v, and w are the middle plane displacements in the x-, y-, and z-directions, respectively. Also wx and
wy denote rotations of the yz and xz planes in the laminate. Based on the displacement ﬁeld in (1), it is con-
cluded that, for the present problem, the general displacement ﬁeld in (2) must take the following form:u1ðx; y; zÞ ¼ B2xþ uðyÞ þ zwxðyÞ
u2ðx; y; zÞ ¼ B1xzþ vðyÞ þ zwyðyÞ
u3ðx; y; zÞ ¼ B1xy þ wðyÞ
ð3ÞBy starting from the displacement ﬁeld in (3) and using the principle of minimum total potential energy (Fung
and Tong, 2001), the equilibrium equations of the laminate in Fig. 1 are readily found to bedu : N 0xy ¼ 0 ð4aÞ
dv : N 0y ¼ 0 ð4bÞ
dw : Q0y ¼ 0 ð4cÞ
dwx : Qx M 0xy ¼ 0 ð4dÞ
dwy : Qy M 0y ¼ 0 ð4eÞ
A. Nosier, A. Bahrami / International Journal of Solids and Structures 43 (2006) 6800–6816 6803dB1 : T x ¼
Z b
b
ðyQx MxyÞdy ð5aÞ
dB2 : F x ¼
Z b
b
Nx dy ð5bÞin which a prime denotes ordinary diﬀerentiation with respect to the variable y.
Furthermore, the stress and moment resultants in (4) and (5) are deﬁned as (see e.g., Reddy, 2003)ðNx;Ny ;My ;Mxy ;Qx;QyÞ ¼
Z h=2
h=2
ðrx; ry ; zry ; zrxy ; rxz; ryzÞdz ð6ÞUsing the plane-stress Hooke law (Herakovich, 1998) together with the linear strain–displacement relations
(Fung and Tong, 2001) the stress and moment resultants are expressed in terms of the displacement functions
appearing in (3) which, on the other hand, may be presented as follows:ðNx;Ny ;MxyÞ ¼ ðA11;A12;B16ÞB2 þ ðA12;A22;B26Þv0 þ ðB16;B26;D66Þðw0x  B1Þ
ðNxy ;MyÞ ¼ ðA66;B26Þu0 þ ðB26;D22Þw0y
Qx ¼ k25A55ðwx þ B1yÞ and Qy ¼ k24A44ðw0 þ wyÞ
ð7Þwhere Aij, Bij, and Dij are laminate rigidities and k
2
i ði ¼ 4; 5Þ are the shear correction factors introduced within
FSDT in order to adjust the transverse shear rigidities (e.g., see Reddy, 2003). Upon substitution of (7) into
Eqs. (4), the equilibrium equations are expressed in terms of the displacement components as follows:du : A66u00 þ B26w00y ¼ 0
dv : A22v00 þ B26w00x ¼ 0
dw : k24A44ðw00 þ w0yÞ ¼ 0
dwx : B26v
00 þ D66w00x  k25A55wx ¼ k25A55B1y
dwy : B26u
00 þ D22w00y  k24A44wy  k24A44w0 ¼ 0
ð8ÞSolving Eq. (8) subject to the traction-free boundary conditions at y = b and y = b (i.e., Ny = Nxy = Qy =
My =Mxy = 0) results in u(y) = w(y) = 0. Also the functions v(y), wx(y) and wy(y) are obtained in terms of
the unknown constants B1 and B2. The former conclusion may alternatively be arrived at by making suitable
arguments concerning the physical behavior of an antisymmetric angle-ply laminate under extensional and
torsional loads (Nosier and Bahrami, in press). Next, upon substituting these results into the equilibrium
equations in (5) the following relations are obtained:1
2
F x ¼ ð2B16bÞB1 þ ðA11~bÞB2 ð9aÞ
1
4
T x ¼ ð2D66bÞB1 þ ðB16bÞB2 ð9bÞwhere as it is mentioned earlier, Fx and the torque Tx are, respectively, an axial force and a torque applied at
the ends of the laminate (i.e., at x = a and x = a). In addition, the constant parameters appearing in (9) are
given in Appendix A. Solving Eqs. (9a) and (9b) result inB1 ¼ 1
4
B16
A
F x  1
8
A11
A
~b
b
T x ð10aÞ
B2 ¼ 1
2
D66
A
F x þ 1
4
B16
A
T x ð10bÞwhereA ¼ A11~bD66 þ B216b ð11Þ
If the quantities B2 and B1 are speciﬁed, then relations (9) may be used to determine the axial force Fx and the
torque Tx. On the other hand, if the axial force Fx and the torque Tx are speciﬁed, then relations (10) are used
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considered:Loading case 1 : T x ¼ T 0 and F x ¼ 0 ð12aÞ
Loading case 2 : T x ¼ T 0 and B2 ¼ 0 ð12bÞ
Loading case 3 : T x ¼ 0 and F x ¼ F 0 ð12cÞ
Loading case 4 : B1 ¼ 0 and F x ¼ F 0 ð12dÞwhere F0 and T0 indicate the prescribed values of axial force and torque, respectively. Clearly, loading cases 1
and 2 belong to torsion–extension problems and loading cases 3 and 4 correspond to extension–torsion
problems. In other words, in loading cases 1 and 2 the specimen is subjected to a constant torque T0 about
the x-axis. In the ﬁrst loading case the laminate is free from an axial force. In the second loading case, on
the contrary, the laminate is constrained not to have any axial strain. On the other hand, in loading cases
3 and 4 the specimen is subjected to a tensile force F0. In the former loading case the laminate is allowed
to freely rotate about the x-axis while in the latter loading case it is restricted not to rotate about the x-axis.
Next, relations (9) and (10) are used to determine the constants B1 and B2 appearing in (1) for the loading
cases 1–4. The results areLoading case 1 : B1 ¼  1
8
A11
A
~b
b
T 0 and B2 ¼ 1
4
B16
A
T 0 ð13aÞ
Loading case 2 : B1 ¼  1
8
1
D66b
T 0 and B2 ¼ 0 ð13bÞ
Loading case 3 : B1 ¼ 1
4
B16
A
F 0 and B2 ¼ 1
2
D66
A
F 0 ð13cÞ
Loading case 4 : B1 ¼ 0 and B2 ¼ 1
2
1
A11~b
F 0 ð13dÞ2.2. Layerwise laminated plate theory of Reddy
Here, in this section, the displacement-based layerwise theory of Reddy in which both transverse shear and
normal eﬀects are taken into account is employed to investigate the edge-eﬀect problem of an antisymmetric
angle-ply laminate. In general, the displacement ﬁeld within LWT is assumed to beu1ðx; y; zÞ ¼ ukðx; yÞUkðzÞ
u2ðx; y; zÞ ¼ vkðx; yÞUkðzÞ k ¼ 1; 2; . . . ;N þ 1
u3ðx; y; zÞ ¼ wkðx; yÞUkðzÞ
ð14Þwith N being the total number of mathematical (or numerical) layers considered in a laminate. It is pointed out
here that in (14) and in what follows a repeated index denotes summation from 1 to N + 1. In Eq. (14) u1, u2,
and u3 represent the total displacement components, respectively, in the x-, y-, and z-directions of a material
point located at (x,y,z) in the undeformed state. Also, the functions uk(x,y), vk(x,y), and wk(x,y) correspond
to the values of the displacements u1, u2, and u3 for points located on the kth surface (see Reddy, 2003). More-
over, Uk(z) are the global approximation functions of the thickness coordinate which are assumed here to be
linear. These functions may be expressed, for convenience, in terms of the local Lagrangian interpolation func-
tions as follows (Nosier et al., 1993):UkðzÞ ¼
0 z 6 zk1
W2k1ðzÞ zk1 6 z 6 zk
W1kðzÞ zk 6 z 6 zkþ1
0 zP zkþ1
8>><
>>>:
ð15Þ
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1
hk
ðzkþ1  zÞ and W2kðzÞ ¼
1
hk
ðz zkÞ ð16ÞHere hk is the thickness of the kth mathematical layer. It is to be noted that in LWT each physical lamina can
be divided into any desired ﬁnite number of mathematical layers with, of course, identical material properties
and ﬁber orientation. The accuracy of LWT is clearly increased as each physical lamina is replaced by an
increasing number of mathematical layers (see Nosier and Bahrami, in press; Nosier et al., 1993). Based on
the displacement ﬁeld in (1), it is evident that for the problem under consideration, the displacement ﬁeld
in (14) must take the following form:u1ðx; y; zÞ ¼ B2xþ UkðyÞUkðzÞ
u2ðx; y; zÞ ¼ B1xzþ V kðyÞUkðzÞ k ¼ 1; 2; . . . ;N þ 1
u3ðx; y; zÞ ¼ B1xy þ W kðyÞUkðzÞ
ð17ÞNext, substitution of the displacement components in (17) into the three-dimensional strain–displacement
relations of linear elasticity (Fung and Tong, 2001) leads to the following relations:ex ¼ B2; ey ¼ V 0kUk; ez ¼ W kU0k; cyz ¼ W 0kUk þ V kU0k
cxy ¼ U 0kUk  B1z; cxz ¼ UkU0k þ B1y
ð18ÞUsing the principle of minimum total potential energy (Fung and Tong, 2001), the equilibrium equations can
readily be shown to bedUk : Q
k
x 
dMkxy
dy
¼ 0 ð19aÞ
dV k : Q
k
y 
dMky
dy
¼ 0 ð19bÞ
dW k : Nkz 
dRky
dy
¼ 0 ð19cÞ
dB1 : T x ¼
Z h=2
h=2
Z b
b
ðrxzy  rxyzÞdy dz ð20aÞ
dB2 : F x ¼
Z h=2
h=2
Z b
b
rx dy dz ð20bÞwhere the generalized stress resultants appearing in (19) are deﬁned asðMky ;Mkxy ;Nkz Þ ¼
Z h=2
h=2
ðryUk; rxyUk; rzU0kÞdz
ðQkx;Qky ;RkyÞ ¼
Z h=2
h=2
ðrxzU0k; ryzU0k; ryzUkÞdz
ð21ÞThe stress–strain relations for the kth lamina of an orthotropic laminate, on the other hand, are given by
(Herakovich, 1998)rx
ry
rz
ryz
rxz
rxy
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
ðkÞ
¼
C11 C12 C13 0 0 C16
C12 C22 C23 0 0 C26
C13 C23 C33 0 0 C36
0 0 0 C44 C45 0
0 0 0 C45 C55 0
C16 C26 C36 0 0 C66
2
666666664
3
777777775
ðkÞ
¼
ex
ey
ez
cyz
cxz
cxy
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
ðkÞ
ð22Þ
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stress resultants are found to beðMky ;Mkxy ;NkzÞ ¼ ðDkj26;Dkj66;Bjk36ÞU 0j þ ðDkj22;Dkj26;Bjk23ÞV 0j þ ðBkj23;Bkj36;Akj33ÞW j
þ ðBk12;Bk16;Ak13ÞB2  ðDk26;Dk66;Bk36ÞB1
ðQkx;Qky ;RkyÞ ¼ ðAkj55;Akj45;Bkj45ÞUj þ ðAkj45;Akj44;Bkj44ÞV j þ ðBjk45;Bjk44;Dkj44ÞW 0j
þ ðAk55;Ak45;Bk45ÞB1y
ð23ÞThe rigidity terms appearing in (23) are, for convenience, given in Appendix B. Finally the displacement equi-
librium equations, including 3(N + 1) local equations and two global conditions, are obtained by substituting
(23) into Eqs. (19) and (20), respectivelydUk : D
kj
66U
00
j  Akj55Uj þ Dkj26V 00j  Akj45V j þ ðBkj36  Bjk45ÞW 0j ¼ B1Ak55y ð24aÞ
dV k : D
kj
26U
00
j  Akj45Uj þ Dkj22V 00j  Akj44V j þ ðBkj23  Bjk44ÞW 0j ¼ B1Ak45y ð24bÞ
dW k : ðBkj45  Bjk36ÞU 0j þ ðBkj44  Bjk23ÞV 0j þ Dkj44W 00j  Akj33W j ¼ B2Ak13  B1ðBk45 þ Bk36Þ ð24cÞ
andT x ¼
Z b
b
½ðAj55Uj þ Aj45V j þ Bj45W 0jÞy  ðDj66U 0j þ Dj26V 0j þ Bj36W jÞ
þ B1ðA55y2 þ D66Þ  B2B16dy ð25aÞ
F x ¼
Z b
b
ðBj16U 0j þ Bj12V 0j þ Aj13W j  B1B16 þ B2A11Þdy ð25bÞwhere the stiﬀnesses A11, A55, B16, and D66 are also deﬁned in Appendix B. In order to analyze the free-edge
eﬀect problem of the laminate, the governing equilibrium equations within LWT (i.e., Eqs. (24) and (25)) must
be solved subjected to the following traction-free boundary conditions at edges:Mkxy ¼ Mky ¼ Rky ¼ 0 at y ¼ b ð26Þ3. Analytical solutions
The state space approach is utilized here to solve Eqs. (24a)–(24c) subjected to the boundary conditions in
(26). For the sake of convenience the following state variables are introduced:fg1g ¼ fUg; fn1g ¼ fU 0g ¼ fg01g
fg2g ¼ fV g; fn2g ¼ fV 0g ¼ fg02g
fg3g ¼ fW 0g ¼ fn03g; fn3g ¼ fW g
ð27Þwhere {g1} is a (N + 1) · 1 vector as follows:fg1gT ¼ ðU 1;U 2;U 3; . . . ;UNþ1Þ ð28Þ
The vectors {g2}, {g3}, {n1}, {n2}, and {n3} are also deﬁned in a similar way. Substitution of (27) into (24)
yields two systems of coupled ﬁrst-order ordinary diﬀerential equations which may be presented asfn0g ¼ ½Afgg þ fPgB1y ð29aÞ
andfg0g ¼ ½Bfng þ fF gB1 þ fF gB2 ð29bÞ
in whichfggT ¼ ðfg1gT; fg2gT; fg3gTÞ and fngT ¼ ðfn1gT; fn2gT; fn3gTÞ ð30Þ
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dix C. As long as the boundary conditions at the edges parallel to x-axis (i.e., at y = b and y = b) are iden-
tical, the general solutions of Eqs. (29) may be written as (see Nosier and Bahrami, in press)fng ¼ ½U ½coshðkyÞfk1g  ð½B1fF g þ ½C1fPgÞB1  ½B1fF gB2
fgg ¼ ½A1½U ½K½sinhðkyÞfk1g  ½A1fPgB1y
ð31Þwith matrices [cosh(ky)] and [sinh(ky)] being deﬁned as½coshðkyÞ ¼ diagðcoshðk1yÞ; coshðk2yÞ; . . . ; coshðk3ðNþ1ÞyÞÞ
½sinhðkyÞ ¼ diagðsinhðk1yÞ; sinhðk2yÞ; . . . ; sinhðk3ðNþ1ÞyÞÞ
ð32Þwhere k2i ði ¼ 1; 2; 3; . . . ;N þ 1Þ denote the eigenvalues of the matrix [C]  [A][B]. Also [U] is the modal matrix
(i.e., matrix of eigenvectors) of the matrix [C] and [K] is a diagonal matrix which is deﬁned as½K ¼ diagðk1; k2; . . . ; k3ðNþ1ÞÞ ð33Þ
In addition, the vector {k1} contains the 3(N + 1) unknown integration constants. It should be noted that, in
general, repeated zeros may exist among the eigenvalues of the matrix [C]. In order to avoid repeated eigen-
values, artiﬁcial terms akjUj, a
kjVj, and a
kjWj are added to the right-hand sides of Eqs. (24a)–(24c), respec-
tively, so that the eigenvalues of the matrix [C] will all be distinct. Here, akj is, for convenience, deﬁned to beakj ¼ a
Z h=2
h=2
UkUjdz ð34Þwhere a is a relatively small number in comparison with rigidities Akjpq ðpq ¼ 33; 44; 55Þ. For more complete
discussion on this subject the paper by Tahani and Nosier (2003) may be consulted.
It is reminded here that the unknown constants B1 and B2 appearing in (17) may be determined by two
diﬀerent approaches. In the ﬁrst approach, B1 and/or B2 are assumed to be the same as those obtained from
the ﬁrst-order theory (FSDT). In the second approach, on the other hand, the layerwise theory may be used to
compute these constants. This is readily accomplished with the help of global conditions in (25). Substitution
of the solutions (31) and the conditions (12) into (25) and carrying out the integrations lead, in general, to a set
of two algebraic equations. Solving these equations will yield B1 and B2 in terms of integration constants {k1}.
Next the vector {k1} is found by enforcing the boundary conditions in (26) only at one edge of the laminate,
say, at y = b. Lastly, the coeﬃcients B1 and B2 are found by merely substituting {k1} in the algebraic equations
obtained from (25). The aforementioned procedure may be employed for determining B1 and/or B2 within
LWT in all loading cases presented in (12). It is clear that in loading cases (12b) and (12d), in which one
of the constants is speciﬁed at the outset, only one of the global equations in (25) are utilized to determine
the remaining constant. It is to be noted that the signiﬁcance of FSDT in accurate determination of B1
and/or B2 will become apparent when the numerical results for these constants are compared with those
obtained within LWT.
4. Numerical results and discussions
In what follows, the distributions of the transverse stress components in antisymmetric angle-ply laminates
are examined through various numerical examples. Layers with equal thicknesses (denoted by hk) are assumed
to have the following mechanical properties:E1 ¼ 132 GPa, E2 ¼ E3 ¼ 10:8 GPa, G12 ¼ G13 ¼ 5:65 GPa
G23 ¼ 3:38 GPa, m12 ¼ m13 ¼ 0:24; m23 ¼ 0:59
ð35Þwhich belong to those of graphite/epoxy T300/5208 as given by Herakovich (1998). The value of 5/6 is used
for the shear correction factors in FSDT (a number which is introduced by Reissner). In addition, each phys-
ical ply is modeled as being made up of, unless otherwise mentioned, 20 numerical layers within LWT (i.e.,
p = 20). In order to examine the accuracy of FSDT in predicting B1 and B2, these constants are also
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(12). The results are presented for three values of width to thickness ratios 2b/h = 5, 10, and 20 in Table 1 in
which LC denotes the loading case. Furthermore, the thickness of each physical ply is assumed to be 0.5 mm
(i.e., hk = 0.5 mm) and the constants B1 and B2 are normalized, for the sake of convenience, so that (see Eqs.
(13)) Bj ¼ Bj=T 0 ðj ¼ 1; 2Þ for the loading cases 1 and 2 and Bj ¼ Bj=F 0 ðj ¼ 1; 2Þ for the loading cases 3 and
4. It is observed that the deviation of FSDT solutions from LWT solutions is not large for thick laminates and
is fairly small for thin laminates. Numerical study, however, indicates that the slight inaccuracy seen in FSDT
in predicting these constants for thick laminates does not signiﬁcantly inﬂuence the numerical values of stres-Table 1
Numerical values of B1 and/or B2 for diﬀerent width to thickness ratios according to FSDT and LWT
Laminate LCa Constants Theory 2bh ¼ 5 2bh ¼ 10 2bh ¼ 20
[80/80] 1 B1 FSDT 108.5584 49.0275 23.3826
LWT 110.3445 49.3909 23.4645
B2 FSDT 7.3727e4 3.6864e4 1.8432e4
LWT 7.5358e4 3.7230e4 1.8519e4
2 B1 FSDT 108.5289 49.0127 23.3752
LWT 110.3165 49.3758 23.4570
3 B1 FSDT 7.3727e4 3.6863e4 1.8432e4
LWT 7.5357e4 3.7230e4 1.8519e4
B2 FSDT 1.8430e5 9.2153e6 4.6077e6
LWT 1.8431e5 9.2154e6 4.6077e6
4 B2 FSDT 1.8425e5 9.2126e6 4.6062e6
LWT 1.8426e5 9.2127e6 4.6062e6
[(10/10)2] 1 B1 FSDT 5.2336 2.4001 1.1527
LWT 5.2420 2.4021 1.1532
B2 FSDT 3.4638e4 1.7319e4 8.6596e5
LWT 3.5585e4 1.7541e4 8.7134e5
2 B1 FSDT 4.9582 2.2625 1.084
LWT 4.9597 2.2616 1.084
3 B1 FSDT 3.4638e4 1.7319e4 8.6596e5
LWT 3.5585e4 1.7541e4 8.7134e5
B2 FSDT 4.3570e7 2.1785e7 1.0892e7
LWT 4.4013e7 2.1895e7 1.0919e7
4 B2 FSDT 4.1277e7 2.0535e7 1.0242e7
LWT 4.1598e7 2.0614e7 1.0261e7
[30/90/90/30] 1 B1 FSDT 4.2040 1.9042 0.9144
LWT 4.2399 1.9098 0.9154
B2 FSDT 2.2277e3 1.1138e3 5.5694e4
LWT 2.2217e3 1.1123e3 5.5664e4
2 B1 FSDT 2.2661 0.9353 0.4299
LWT 2.3348 0.9471 0.4323
3 B1 FSDT 2.2277e3 1.1139e3 5.5694e4
LWT 2.2217e3 1.1123e3 5.5664e4
B2 FSDT 2.5611e6 1.2805e6 6.4026e7
LWT 2.5799e6 1.2851e6 6.4139e7
4 B2 FSDT 1.3806e6 6.2896e7 3.0104e7
LWT 1.4207e6 6.3728e7 3.0294e7
a LC denotes the loading case.
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over the computationally more involved layerwise theory. In the numerical examples that follow the interlam-
inar stresses are obtained by integrating the local equilibrium equations of elasticity. Also, the width to thick-
ness ratio (i.e. 2b/h) is assumed to be, unless otherwise mentioned, equal to 10. Furthermore, the stress
components are normalized asF
Frij ¼ rijr0 ð36Þin which r0 = F0/bh for extension–torsion problems (i.e., loading cases 3 and 4) and r0 = T0/bh
2 for the tor-
sion–extension problems (i.e., loading cases 1 and 2).
4.1. Torsion–extension problems
Here in this section the laminates which are subjected to a torque T0 (see Fig. 1) are considered and various
numerical examples are presented for the loading cases 1 and 2 as deﬁned in (12). The distributions of inter-
laminar stresses across the width of [60/30/60/30] laminate at 60/30 interface are presented in Fig. 2
for the loading case 1. It is seen that the interlaminar stresses exhibit high stress gradient near the free edge.
Also, the maximum interfacial values of both rz and rxz at the 60/30 interface occurs at the free edge with
the interlaminar shear stress rxz being larger than interlaminar normal stress rz. It is next noted that the trans-
verse shear stress ryz becomes approximately (not exactly) equal to zero at the free edge. That is, the traction-
free boundary condition at the free edge (i.e., ryz = 0 at y = b) is being satisﬁed with good approximation.
Fig. 3 illustrates the interlaminar stress distributions along the middle plane of the [90/45/45/90] laminate
subjected to loading cases 1 and 2. It is observed that as far as rz is concerned the nature of the stress distri-
butions is identical for both loading cases. On the contrary, the behavior of transverse shear stress rxz isy/b0 0.2 0.4 0.6 0.8 1
0
0.1
0.2
0.3
0.4
0.5
z
xz
yz
σ⎯
σ⎯
σ⎯
σ⎯
ig. 2. Distributions of interlaminar stresses along the 60/30 interface of [60/30/30/60] laminate for loading case 1.
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ig. 3. Distributions of interlaminar stresses along the middle plane of [90/45/45/90] laminate for loading cases 1 and 2.
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and then suddenly decreases near the free edge (see Fig. 3). It is to be noted that the transverse shear stress ryz
is found to be zero at the middle plane of antisymmetric angle-ply laminates subjected to all loading cases con-
sidered in the present paper (see Eqs. (12)). Through-the-thickness variation of transverse shear stress rxz is
plotted in Fig. 4 in the vicinity of the free edge of the [90/45/0/0/45/90] laminate under the loading
case 1. It is observed that the distribution of transverse shear stress rxz is symmetric with respect to the middle
plane. Also rxz attains its maximum value at the middle plane of the laminate. The distributions of the inter-
laminar normal stress through the thickness of [15/45/45/15] and [15/45/45/15] laminates at
y = b are compared with in Fig. 5 for the loading case 2. In both laminates the maximum negative stress occurs
at the middle plane whereas the maximum positive stress occurs within the 45 and 45 layers. Also in the
[15/45/45/15] laminate the maximum negative stress is quite larger than the maximum positive
stress. This behavior is reversed in the [15/45/45/15] laminate. Fig. 6 displays the variations of thexz
z/
h
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Fig. 4. Variations of interlaminar shear stress rxz through the thickness of [90/45/0/0/45/90] laminate for loading case 1.
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Fig. 5. Variations of interlaminar normal stress rz through the thickness of [15/45/45/15] and [15/45/45/15] laminates for
loading case 2.
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Fig. 6. Distribution of interlaminar shear stress ryz through the thickness of lowermost layer of [(45/45)2] laminate for loading case 2.
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Fig. 7a. Interlaminar normal stress rz at the interface-edge junction of [90/h/h/90] laminate as a function of h for loading case 1.
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Fig. 7b. Interlaminar shear stress rxz at the interface-edge junction of [90/h/h/90] laminate as a function of h for loading case 1.
A. Nosier, A. Bahrami / International Journal of Solids and Structures 43 (2006) 6800–6816 6811interlaminar shear stress ryz at y = b through the thickness of the lowermost layer in the [(45/45)2] laminate
for the loading case 2. It is seen that by increasing the number of numerical layers in each actual lamina the
value of ryz approaches zero everywhere except at the interface-edge junction. Finally, variations of interlam-
inar stresses rz and rxz at various interface-edge junctions of the [90/h/h/90] laminate are depicted in Figs.
7a and 7b as a function of h under the loading case 1. Fig. 7a indicates that the 90/h interface-edge junction
exhibits a positive normal stress while the h/h interface-edge junction exhibits a negative normal stress for all
values of h. Also, it is found that rz attains its maximum value at the middle plane of [90/39/39/90] lam-
inate (i.e., when h = 39). Fig. 7b, on the other hand, reveals that the maximum of interlaminar shear stress rxz
occurs at the middle plane of [90/0/0/90] laminate. It is to be noted that because of the torsional load
applied to the laminate, the transverse shear stress rxz, unlike the transverse normal stress rz, does not vanish
in the [90/0/0/90] and [90/90/90/90] laminates. Moreover, closer numerical study indicates that the out-
of-plane stress components rz and ryz are equal to zero everywhere in such laminates. This latter conclusion is
seen to be valid for all symmetric cross-ply laminates subjected to the loading cases 1 and 2 (see Eqs. (12a) and
(12b)).
4.2. Extension–torsion problems
The laminates which are subjected to an axial tensile force F0 are considered here (see the loading cases 3
and 4 in Eqs. (12)). The eﬀect of the laminate width to thickness ratio on the interlaminar stresses due to the
loading case 3 is investigated in Figs. 8a and 8b in the [0/35/35/0] laminate. It is seen that the width of the
boundary-layer regions always remains almost equal to the thickness of the laminate. That is, a thickness away
from the edges of the laminate the interlaminar stresses approach zero. The out-of-plane stress distributions
along the 70/90 interface of [70/70/90/90/70/70] laminate are displayed in Fig. 9 for the loading
case 4. It is observed that the maximum interfacial value of transverse normal stress rz is approximately 2.8
times greater than that of transverse shear stress rxz. In addition, it is observed that since instead of ryz the
generalized stress resultants Rky are forced to vanish at the free edge in LWT, the numerical value of ryz
may never become zero at the interface-edge junction (even by increasing the number of sublayers in each
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Fig. 8a. Interlaminar normal stress rz along the middle plane of [0/35/35/0] laminate for various width to thickness ratios for loading
case 3.
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Fig. 8b. Interlaminar shear stress rxz along the middle plane of [0/35/35/0] laminate for various width to thickness ratios for loading
case 3.
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Fig. 9. Interlaminar stresses along the 70/90 interface of [70/70/90/90/70/70] laminate for loading case 4.
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Fig. 10. Interlaminar shear stresses rxz and ryz at the interfaces of [80/45/45/80] laminate for loading case 3.
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45/80] laminate under the loading case 3 are illustrated in Fig. 10. It is seen that compared with the 80/
45 interface the boundary-layer width is larger for the 45/45 interface. It is again noticed that the
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the-thickness distributions of the interlaminar stress components rz and rxz at the free-edge location in the
[50/20/0/0/20/50] laminate for the loading case 4. It is seen that the interlaminar normal stress rz
attains its maximum value at the middle surface of the laminate. The maximum of the interlaminar shear stress
rxz, on the other hand, occurs near the 50/20 and 20/50 interfaces. The eﬀect of ﬁber orientation h on
the free-edge interlaminar stresses rz and rxz is studied in Fig. 12 by plotting these stresses at the interface
corner of [h/h] laminate due to the loading cases 3 and 4. It is observed that the transverse normal stress
is notably larger for the loading case 3 whereas, on the other hand, the numerical values of interlaminar shear
stress are not signiﬁcantly aﬀected by changing the loading case. The maximum value of rz occurs in the [42/
42] laminate in the loading case 3 (i.e., when the laminate is free to rotate). Also the maximum value of rxz
occurs in the [39/39] laminate in the loading case 4 (i.e., when the laminate is not allowed to rotate while
being extended). Lastly, Fig. 13 shows the distributions of interlaminar stresses rz and rxz at the free edge as a
function of ﬁber angle h for two h/h interfaces of [(h/h)3] laminate subjected to the loading case 4. It is
observed that the location of the interface has a signiﬁcant eﬀect on the magnitude of the interlaminar stresses
within the laminate. More speciﬁcally, for the interfaces chosen in Fig. 13, rz attains its maximum value, atσ
z 
/ h
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Fig. 11. Variations of interlaminar stresses rz and rxz through the thickness of [50/20/0/0/20/50] laminate for loading case 4.
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Fig. 12. Variations of interlaminar stresses rz and rxz at the interface-edge junction of [h/h] laminate versus h for loading cases 3 and 4.
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Fig. 13. Interlaminar stresses rz and rxz at the middle and bottom interface-edge junctions of [(h/h)3] laminate as a function of h for
loading case 4.
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(i.e., at z = 2hk).
5. Conclusions
In the present investigation, based on the elasticity formulation of the extension/torsion problem of long
antisymmetric angle-ply laminates, analytical solutions are developed within both the ﬁrst-order shear defor-
mation plate theory (FSDT) and Reddy’s layerwise theory (LWT) for the edge-eﬀect problem of antisymmet-
ric angle-ply laminates subjected to an axial force and/or a torque. The former theory is employed to
determine the unknown constants B1 and/or B2 appearing in the appropriate displacement ﬁeld of the prob-
lems and the latter one, on the other hand, is used to calculate interlaminar stresses within the laminate. Fur-
thermore, the accuracy of FSDT in estimating these constants is assessed by comparing the FSDT results with
those obtained within LWT. It is found that FSDT provides suﬃciently accurate results so that actually no
analysis based on LWT is required to determine B1 and/or B2. Finally, several numerical examples are pre-
sented for diﬀerent antisymmetric angle-ply laminates under various extensional/torsional loading conditions.
Appendix A
The constant parameters appearing in (9) are deﬁned as follows:B16 ¼ A22B16  A12B26A22 ; D66 ¼
A22D66  B226
A22
; A11 ¼ A11A22  A
2
12
A22andb ¼ 1
k
tanhðkbÞ  b; ~b ¼ b B
2
16
A11D66
1
k
tanhðkbÞwherek2 ¼ k
2
5A55
D66Appendix B
The laminate rigidities, appearing in (23), are deﬁned asðAkjpq;Bkjpq;DkjpqÞ ¼
XN
i¼1
Z ziþ1
zi
CðiÞpqðU0kU0j;UkU0j;UkUjÞdz
ðAkpq;Bkpq;Bkpq;DkpqÞ ¼
XN
i¼1
Z ziþ1
zi
CðiÞpqðU0k;Uk;U0kz;UkzÞdzwhich may be presented in the following form (see also Nosier and Bahrami, in press; Nosier et al., 1993):ðAkjpq;Bkjpq;DkjpqÞ ¼
C
ðk1Þ
pq
hk1
;C
ðk1Þ
pq
2
;
hk1Cðk1Þpq
6
 !
if j ¼ k  1
Cðk1Þpq
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þ C
ðkÞ
pq
hk
;
Cðk1Þpq
2
 C
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2
;
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3
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ðkÞ
pq
3
 !
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C
ðkÞ
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CðkÞpq
2
;
hkCðkÞpq
6
 !
if j ¼ k þ 1
ð0; 0; 0Þ if j < k  1 or j > k þ 1
8>>>>>>>><
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A. Nosier, A. Bahrami / International Journal of Solids and Structures 43 (2006) 6800–6816 6815andðAkpq;Bkpq;Bkpq;DkpqÞ
¼
Cð1Þpq ;
h1Cð1Þpq
2
;Cð1Þpq
z21  z22
2h1
;
Cð1Þpq
h1
z31  z32
3
 z2 z
2
1  z22
2
  !
if k ¼ 1
Cðk1Þpq ;
hk1Cðk1Þpq
2
;Cðk1Þpq
z2k  z2k1
2hk1
;
Cðk1Þpq
hk1
z3k  z3k1
3
 zk1 z
2
k  z2k1
2
  !
if k ¼ N þ 1
Cðk1Þpq  CðkÞpq ;
hk1Cðk1Þpq
2
þ hkC
ðkÞ
pq
2
;Cðk1Þpq
z2k  z2k1
2hk1
þ CðkÞpq
z2k  z2kþ1
2hk
;
 
Cðk1Þpq
hk1
z3k  z3k1
3
 zk1 z
2
k  z2k1
2
 
þ C
ðkÞ
pq
hk
z3k  z3kþ1
3
 zkþ1
z2k  z2kþ1
2
 !
if 1 < k < N þ 1
8>>>>>>>>><
>>>>>>>>:Also the rigidities A11, A55, B16, and D66 appearing in (25) are deﬁned as follows:ðA11;A55Þ ¼
Z h=2
h=2
ðC11;C55Þdz; B16 ¼
Z h=2
h=2
C16zdz; and D66 ¼
Z h=2
h=2
C66z2dzwhere Cpq’s are the transformed (oﬀ-axis) stiﬀnesses.
Appendix C
The coeﬃcient matrices [A] and [B] and vectors {P}, {F} and fF g appearing in (29) are given as follows:½A ¼
½a1 ½a2 ½a3
½b1 ½b2 ½b3
½0 ½0 ½I 
2
64
3
75; ½B ¼
½I  ½0 ½0
½0 ½I  ½0
½c1 ½c2 ½c3
2
64
3
75
fF g ¼
f0g
f0g
fc4g
8><
>:
9>=
>;; fF g ¼
f0g
f0g
fc5g
8><
>:
9>=
>;; fPg ¼
fa4g
fb4g
f0g
8><
>:
9>=
>;in which [0] and [I] are (N + 1) · (N + 1) square zero and identity matrices, respectively, and {0} is a zero vec-
tor with (N + 1) rows. Furthermore½a1 ¼ ½a11½a2; ½a2 ¼ ½a11½a3; ½a3 ¼ ½a11½a4; fa4g ¼ ½a11fa5g
½b1 ¼ ½D221ð½A45  ½D26½a1Þ; ½b2 ¼ ½D221ð½A44 þ ½a  ½D26½a2Þ
½b3 ¼ ½D221ð½B44T  ½B23  ½D26½a3Þ; fb4g ¼ ½D221ðfA45g  ½D26fa4gÞ
½c1 ¼ ½D441ð½B36T  ½B45Þ; ½c2 ¼ ½D441ð½B23T  ½B44Þ
½c3 ¼ ½D441ð½A33 þ ½aÞ; fc4g ¼ ½D441ðfB45g þ fB36gÞ; fc5g ¼ ½D441fA13gwhere½a1 ¼ ½D66  ½D26½D221½D26; ½a2 ¼ ½A55 þ ½a  ½D26½D221½A45
½a3 ¼ ½A45  ½D26½D221ð½A44 þ ½aÞ; ½a4 ¼ ½B45T  ½B36 þ ½D26½D221ð½B23  ½B44TÞ
fa5g ¼ fA55g  ½D26½D221fA45gReferences
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